A dynamic model of controlling invasive weeds is first developed which is a large scale, nonlinear 0-1 integer programming problem. This model is then applied for the case of control of the invasive grass, Pennisetum ciliare (buffelgrass), in the Arizona desert. The large size of the problem makes the application of direct optimization methods impossible, instead the most frequently suggested strategies were analyzed and their consequences compared. The model is more advanced and complex than those examined in earlier studies.
Introduction
This study examines the spread and control of invasive weeds as a spatial-dynamic problem [1, 2] . The spatial-dynamic framework is then applied to the management of Pennisetum ciliare (buffelgrass), an invasive fire-promoting African bunchgrass that spreads very rapidly across the Sonoran Desert. Buffelgrass forms dense stands, crowding out native species, thereby reducing species directly. Furthermore, it increases wildfire risk by promoting a grass/fire cycle in an ecosystem with little or no known natural fire history [3] . Details of the biological aspects of the buffelgrass invasion are given in our earlier paper [4] .
Studies of invasive species control are often based on population growth without considering the important aspects of spatial heterogeneity. For example, damage often depends on the size, but not on the spatial distribution of the invasion, while costs are invariant to location [5, 4, 6] . The factors that can vary across the landscape are the potential for an invasive weed to become established, its carrying capacity, the cost of control and the damages it causes. Typically, damage induced by invasive weeds depends on a local population impact (e.g., through population density, level of competition, flammable biomass production, etc.) as well as the presence of valued or threatened resources at the site of infestation or nearby. The land manager's problem is to minimize the total damage during a given time interval subject to budget and labor constraints.
In our model, we consider multiple sources of spatial heterogeneity in the damage and cost functions. We utilize a gridded landscape in which each cell in the grid represents one acre of land. Damage caused by the buffelgrass invasion is defined as a weighted sum of damages to different resources, where the weights reflect management priorities. Opportunities to treat buffelgrass during the year are limited and, as such, management decisions prescribe to treat or not to treat a cell over a given period of time. Population in untreated cells grows according to the natural growth model; whereas, population decreases in treated cells based on the kill rate of the treatment. The objective function is the total discounted damage during the entire considered time interval.
Most of the earlier works performed comparisons of specific strategies. Moody and Mack [7] and Martin et al. [8] compare the efficiency of different treatment variants on small, invasive weed populations over large, already established populations. Wadsworth et al. [9] compare alternative strategies based on proximity for human settlements, weed population size, age and spatial distribution similar to Stevens and Falk [3] . The benefits and costs of biological control program are compared in [10] . This paper makes the following contributions to the invasive species control literature. First, we develop a new dynamic programming model. No such optimization model was formulated earlier for buffelgrass treatment. In addition, our cost and damage functions are more realistic than those in earlier studies. Second, we assess the consequences of treatment on the growth function, which is also a new contribution. Moreover, we determine minimum labor requirements for creating defensible space for each valuable resource, which could improve labor allocation across areas. Because of the very large size of the problem, true optimization cannot be performed. Instead we follow the tradition of research comparing specific strategies; however, we consider additional factors such as reflecting future possible damage to the current time period which were not considered in earlier works.
This paper develops as follows. In Section 2, the dynamic programming model will be introduced, and as a descriptive model, in Section 3 it will be used to assert and compare the consequences of the most commonly suggested treatment strategies. Section 4 will conclude the paper.
Mathematical model
Let T years be the length of the considered time interval and t ∈ {0, 1, . . . , T } be any year. The area is a rectangular array of cells, each cell is identified by its coordinates (i, j), where i ∈ {1, 2, . . . , I}, and j ∈ {1, 2, . . . , J}.
The management should decide which cells will be treated in each year. Therefore, the decision variables are the binary variables x i,j (t) such that
The objective function is the total damage caused by the weed population in the entire area during the entire time interval.
The damage D ij (t) in cell (i, j) depends on the resource at risk in cell (i, j), its proportion of the buffelgrass population N ij (t) within that cell, and the management priority of the corresponding resource. So, the objective function has the form
where
for damage weights d k affecting k ∈ {1, 2, . . . , K } resources (R ijk ) proportional to the population N ij (t) in a cell (i, j) with R ijk ∈ {0, 1}. R ijk represents the spatially explicit quantification of a resource either as a binary (e.g., presence/absence of critical infrastructure) or continuous variable (e.g., biological diversity or probability density of an endangered species). Note that damage depends on the type of resources the manager wants to protect and, as such, different management priorities applied to the same landscape can lead to different estimates of damage (e.g., a resource manager tasked with conserving biodiversity would perceive the damage induced by the presence of the weed population differently than a manager tasked with preserving critical infrastructure).
The state variables are defined as the actual population volume N ij (t) of each cell at each year. The natural change in population density in two consecutive years can be formulated as
where K ij is the carrying capacity in cell (i, j) and N ∼i∼j (t − 1) is the vector of the buffelgrass population densities in the eight cells surrounding cell (i, j) in year t − 1. K ij is the spatial representation of habitat suitability as predicted by a bioclimatic envelope (BEM) [11] . BEMs map the ecological niche in parameter space onto locations in physical space and provide an overall probability of each cell on the landscape being suitable for a species. Because many different methods and spatial covariates are involved in the development of BEMs, a discrete equation is not available. Rather, we refer to the habitat suitability as a static spatial layer. K ij is the suitability scaled by the cell area. The function g() has a logistic growth form, where population grows at an increasing rate at first, then at a decreasing rate as the population approaches the carrying capacity in the cell. Each cell receives propagules from plants within the cell and from the neighboring cells. The rate at which a cell receives propagules from its neighbors is described by an exponential decay function. In describing the effect of treatment on cell (i, j) we have two possibilities. Before treatment, the population is obtained from Eq. (3) as
If this value is less than the critical population N C ij , the treatment eradicates the buffelgrass from the cell. Otherwise, after the treatment the population becomes N B ij (t) (1 − k), where k is the kill rate of herbicide treatment. In our study k = 0.9 is selected. So the state transition relations have the from
The first case shows that without treatment (x ij (t) = 0), N i,j (t) = N B ij (t) and if treatment is applied (x ij (t) = 1), then the cell population is eradicated. The second case can be interpreted similarly. If treatment is applied (x ij (t) = 1), then the population decreases according to the kill rate, otherwise it does not change.
The land management faces budget and labor constraints. The budget constraint can be written as
where B(t) is the annual budget in year t. The cost of treating cell (i, j) is assumed to increase linearly in the pre-treatment population N B ij (t), average cell slope s ij and the distance d ij of the cell from the closest road: (8) where the cost parameters c 1 , c 2 , c 3 and c 4 were estimated as (0.31, 2.91, 0.19, and 0.04), respectively using least squares regression based on recent records of actual treatments obtained from the Southern Arizona Buffelgrass Working Group [12] . These data are summarized from costs incurred by the University of Arizona, Saguaro National Park, and Arizona Department of Transportation.
The labor constraint has a similar form,
where L(t) is the maximum available labor in year t, and L ij (t) is the labor requirement for treating cell (i, j) in year t. It is assumed that this is also a linear function of the pre-treatment population, average cell slope and the distance from the closest road:
where the values of parameters l 1 , l 2 , l 3 and l 4 are also estimated from actual treatment data obtained from the Southern Arizona Buffelgrass Working Group [12] and represent the needed treatment time (time/area treated) that increases with increasing slope and distance to road. The derived cost and damage functions were discussed with the members of the group, who approved them. A sensitivity analysis on the parameter values will be the subject of our future work.
This model is a typical dynamic programming problem, so theoretically it is solvable. However in our case I = 40, J = 50, so we have 2000 cells. The length of the considered time interval is at least 10 years. So the number of state variables is 20,000 or more. We have 2000 decision variables in each year, so the number of binary decision variables is at least 20,000 implying that direct optimization of the nonlinear model is not practical. Instead, we will use the dynamic model as a descriptive tool to assess the consequences of a number of specific treatment strategies.
Analysis of specific strategies
In this section, suggested treatment strategies will be considered and examined.
Preventing species establishment
In this case, we study how much labor is required to prevent the establishment of buffelgrass after it first appears, and what the consequences of delays in initiating a treatment regime are. It is assumed that buffelgrass has initially discovered in 2.4% of the cells. We consider labor requirements given different start years until buffelgrass becomes completely eliminated. The strategy is to treat each infected cell. The results are shown in Fig. 1 . There are neither labor nor budget constraints. It is clear that delay in the starting year significantly increases the labor requirement at the beginning, and then it decreases significantly in each consecutive year. The discounted total labor cost for each case is shown in Fig. 2 . The horizontal line represents the starting year. The discount rate is chosen as 2% and 4% for the sake of comparison. Clearly, the total cost is a fast growing function of the starting year. 
Decisions with binding resource constraints
(A) Consider first a static rule by minimizing the total damage at a single year subject to only labor constraint. The objective function for time period t is to minimize the total damage:
In Eq. (3), the data for the previous time period t − 1 are obtained from the optimal solution for that period. This approach starts at t = 1, when the initial data are given, then based on the left over resources we optimize for t = 2, and so on until the last period is considered.
If all cells generating positive damages are treated and labor is still remaining, then we treat cells with the remaining labor to minimize the total buffelgrass population. The first step is to minimize function (2) with T = 1. In the second step, we minimize
subject to the dynamic relations (5) and (6) function is a weighted average of the actual and potential future damages:
where D max ij is the maximal potential damage buffelgrass can cause in cell (i, j), i.e. the damage of buffelgrass if no treatment is applied.
(C) The Buffelgrass Working Group [12] recommends treating areas in at least three consecutive years. This is the strategy actually used in Arizona for treatment. If a cell with population near its carrying capacity is treated only once, then buffelgrass' logistic growth will push the population back to the fast part of its growth path. This is the reason why repeated treatment is suggested. After the third treatment, we follow the strategy introduced in part (A).
(D) Same as above with the only difference that after the third treatment, the strategy given in part (B) is applied.
The static optimization problems with objective functions (2) with T = 1, (11) and (12) are standard 0-1 integer programming problems, which were solved by using the branch and bound method [13] and software ILOG CPLEX [14] . The above-described heuristic rules were applied for the three different resources at risk separately. In all cases, the results were obtained within a couple of seconds.
Figs. 3a-3b show the damages for the above described strategies during a 20-year period if the treatment starts at year 9 and labor is constrained at 400 and 2000 h, when damages to only native vegetation are considered. In the initial years of treatment, all four strategies achieve comparable damage reduction. Prioritizing cells for treatment based on potential future damage as well as current damage (strategy B) outperforms control based solely on current damage (strategy A). This is the case with both low (Fig. 3a) and higher (Fig. 3b) labor availability. As might be expected, the improvement in damage reduction from this ''potential damage weighting'' trends upwards over time. While the difference in damage reduction does not increase monotonically in every year, it does trend upwards. Moreover strategy B dominates strategy A in every year except the first year of treatment. Again, this is to be expected given that strategy A minimizes current damage. The ''treat three times'' rule with potential damage weighting (strategy D) also outperforms the simple ''treat three times'' rule (strategy C) in every year except the initial treatment year. Again the improvement of D over C trends upwards over time, although it does not increase monotonically.
Strategy D outperforms the other three in all years except the first year of treatment. Likewise, Strategy B ranks second in each year but year 9 (the first year of treatment). Treating three times is clearly an improvement when potential damage weighting is used (D dominates B) . The improvement from treating three times over static optimization is more ambiguous, however. While strategy C dominates A with low labor availability (Fig. 3a) , damage reductions are quite comparable until later years with larger labor endowments (Fig. 3b) . Treating three times (Strategy C) emphasizes driving population (and damage) down to zero in cells with established weed populations. This emphasis, however, is at the expense to treating new infestations, which may spread to cells with high-value resources to protect. Whether to focus on established populations or new outlying infestations is a long-debated issue in the invasive species management literature. Moody and Mack [7] is a classic reference in this literature.
Two factors can combine account for the non-monotonicity in differences in damage. First, the logistic population growth curve implies that populations in a given cell (and damaged caused) may change little from one year to the next (if the cell has either very low or very dense populations) or change dramatically, (if the population is near the inflection point). Second, treatment reduces cell population by 90%. Again, populations can fall substantially if pre-treatment populations are large. Treating a cell a second or third time may contribute little to reducing current damage, especially compared to treating other cells with new populations, but driving an infestation from a particular area can have longer-term benefits.
The superiority of treating three times over current damage minimization (C vs. A) appears sensitive to labor availability, Figs. 4a-4b show similar results if damages to saguaros are the main concern of the management. Again heuristic strategy (D) always outperformed the others, with strategy B as the second best. Treating three times improves damage reduction over current damage minimization with more severe labor constraints (Fig. 4a) and if potential damage weighting is used (D vs. C in both Figs. 4a and 4b) . With large labor supplies (Fig. 4b) , however, strategies A and C are comparable. Fig. 5 shows how strategy selection affects the risk on buildings. Since structures are usually on the periphery of the grid and initial infestation are relatively far from buildings, the damage to buildings is easy to reduce. With a labor constraint of 800 h per year, each strategy resulted in significant damage reduction. Again, strategy (D) was the best. The ranking of the other three strategies were in flux in early years, but in the longer term strategy (D) dominates strategy (B), which dominates strategy (C) dominating strategy (A) by year 20.
We emphasize that a robust result was that strategy (D) that includes both Buffelgrass Working Group recommendations consistently dominated all other strategies. This was true for each resource requiring protection (vegetation, saguaros, buildings) and for each level of labor endowment. We also examined how the labor constraint affected the damage trajectories (Figs. 6a-6c) . In each case, strategy (D) is followed and figures include the trajectories without any treatment in order to show the comparison of the optimal solutions to this worst case scenario. For labor endowments L ≥ 800, damage can be driven close to zero. There are three things to note. First, damage is not actually driven to zero. Labor is sufficient to create a ''defensible space'' around buildings. Populations of buffelgrass can continue to grow just beyond the fringe where they would create damage. This means that it is a continuing invasion threat even if it is not creating much current damage. Second, this implies that policies of creating defensible space need to be ''long-term'' policies with annual commitments of labor. It appears that defensible space can be created with L = 800 about as well as if L = 2000. Rather than applying L = 2000 to buildings in this area, our results suggest that many labor hours could be diverted to protecting other resources without increasing risk to buildings. Third, this implies that our approach can be used to determine minimum labor requirements for creating defensible space. This could improve labor allocation across areas.
Conclusions
A dynamic model was developed to find optimal long-term treatment of buffelgrass in the Arizona desert. The model is a 0-1 nonlinear integer programming problem; however, the nonlinearity of the model and the huge number of decision variables make direct optimization impractical. Instead, the model was used as a descriptive tool to assess the consequences of given, most frequently suggested treatment strategies. In each case, only static optimization problems were solved.
Four particular strategies were considered and compared. In all cases, heuristic strategy (D) outperformed the others. Heuristic strategy (D) mostly resembles the preliminary management recommendations of an inter-agency Buffelgrass Working Group [12] . In our future study, we will consider other strategy variants including multi-objective and game theoretical approaches and examine their effectiveness. Future research also includes the uncertain budget and invasion growth size for the control of the invasive species.
